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1Introduction   

Weconsiderasequentialobservationandselectionprob－  
1emcalledt．hedurationproblem，壷hichisavariatiol10f  

theclassical去ecretaryproblemwhichhasbeentreated  
extensivelybyFerguson，HardwickandTamaki［3］．The  

ffamework ofthe basic duration problemis described  
as fb1lows：n apPlicants appear one at a timein ran－  

domorderwithalln！permutationsequal1ylikely．Ifwe  

could observethemall，We COuld rank themabsolutely  
withnoties丘ombesttoworst．However，eaChtimean  

applicant appears，WeOnlyobservetherankoftheap－  

plicantrelativetothoseprecedinghim／heranddecide，  

based solely on the observed rank，Whether to choose  
theapplicantornot．Therewardtousistheduration  

Ofaselection，thatis，thelengthoftimeweareinpos－  

SeSSion ofa relatively best applicant，referred to as a  

Candidaie．Thuswewi1lonlyselectacandidaie，reCeV－  

1ngOneunitofrewardaぷWedosoandanadditionalone  
fbreachnewobservation aslongastheselected candi－  

dateremainstherelativelybest．Ourobjectiveisto負nd  

apolicywhichwillmaximizetheexpectedduration．   

Let7盲be de允nedasthe・arrivaltimeofthe鮎stcan－  

didateafter timekifthereisone，andasn＋1ifthere  

is none．Then the rewardis71－kifa candidateis  
Selectedattimek．Insteadofmaximizlngtheexpected  

duration ofaselection，We Choose to maximize theex－  

pected proportion oftime oneisin the possession of  

acandidate，in order tomake the solution more easily  
COmparabletothemodelconsideredhere．Thusthere－  

wardisnotTk－kbut（Tk－k）／n．FergusOn，Hardwick  

andTamaki【3］showedthattheoptimalstrategyofthe  
basicdurationproblemistopassovel、aCertainnumber  

k＋（n）ofapplicants and then to accept the鮎st can－  

didate．Wherek＊（n）／n→e－2andthecorresponding  
rewardtendsto2e－2asn→∝，，  
In this paper，We COnSider a duration problem un－  

der the ftamework used by Bruss［1］，ref6rred to as  

～んe comわ柁祝Ouβ ≠ゴme 血rα才わ乃 prO占Jem．BI・uSS’s  

framework can be descubed as fo1lows：Let F（z）be  

adistributionfunction on the realtimeinterval［0，T］  

andletZl，Z2，．．．beindependentl・andomvariableseach  

havingcontinuousdistributionfunctionF．AlsoletN  

beanon－negativeinteger－Valuedrandomvariblehaving  
itsprobablitymassfunctiong．NisassumedtobeindeT  

pendentofallZk’s．Zkisthoughtofasthearrivaltime  

ofapplicantkandNrepresentsthetotalnumberofap－  

Plicantsthatappear．Associatedwitheachapplicantis  
adifferentquality．Wesupposethat，glVen N＝n，eaCh  

arrivalorderofranks〈1〉，〈2〉，…，〈n）hastheprobability  

1／m！．   

Where Bruss［1］showed that the so ca11ed e～1－law  

Plays a key rolein the best・Choice problem，We here  

Showthesimilal・reSultalsoholdsinthedurationprob－  

1em，i・e・，thee－2－1awplaysanimportantrolebothin  

thebasicdurationproblemandinthe continuous time  
durationproblem．  

2 ⅥねitingTimePolicy   

Forthefollowlng，itisconvenienttointroduceachange  

oftime  

ご ＝  ダ（z）， Z∈［0，r］  （1）   

SuCh that，in the x time scale time runs from O tol  
and such that each Xk＝F（Zk）is unifbrmon［0，1  

］．Since nogenerality willbelostbythissupposition，  

we will discuss the continuous time duration problem 

underthissupposition・Asin BruSS［1］，WeCOn貧neour  

attentionstotheclassofthewaitingtimepolicede負ned  
a5fbllow5．  

DEF［NmON．Thex－Sirale9yOn［0，1］isawaiting  

timepolicytoactasfollows：  

1．Tbobserve and rankallincomlng applicants up to  

timexwithoutacceptinganapplicant．  

2．Toaccept the鮎st candidaie arrivlng after time a：，  

i．e．theRrst tobesuperior to the best ofthose which  
arrivedin［0，r］ifitexistsandtol・efusea11applicantsif  

not．   

Thetimexwillbecalledwaitingtime．  

THEOREM．ForanydistributiongwithP（N＞0）＞  
0，there exists a waitlng time z’maximizlng the ex－  

pected duration of the r－Strategy・Moreover，fbr all  

E＞0，thereexistsintegermsuch that N＞mimplies  

‾二こ二 

‥ 

Candidale appearsafter time xifthereis one andlif  

thereisnone・ThedurationD（x）underthexrsiraiegy  
is defined as D（x）＝T（T（x））－T（x）．IfN＝0，the  

durat．ionis assumed to belfbr convenience．IfN＝1  

then the candidaie willbeacceptedifshe arrivesafter  
time x，thus xl＝O and the expected durationequals  

喜・SupposenowN＝n（n＝芋2，3，・‥）・LetSdenotethe  

absoluterankofthebest・aPplicantthatarrivesinEO，X〕  

ifapplicant appearSin［0，X］and n＋1ifnoapplicant  

appearsin［0，3：］・The event S＝S OCCurSifandonly  

ifthe（s〉appearsin［0，X］ands－1bestonesin［x，1】・  

Thus，fromthe modelassumpt・10n  
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Sinぐ・eA，is（lecrea・Slngln S，fors＞2，  

pれ．（ご）一針叶1（ご）＝（An－4叶1）（1一ご）叫2≧0．  

Thus，aSn→∞，Pn（x）convergesh・Omtheaboveto  

〈  

可1－げ‾1if5＝1，2，…，γ↓  

（1－∬）れ  ifβ＝几＋1・  
（2）  P（∫＝β）＝  

LetY（x）＝T（x）－X・Then，WhenT（x）＜1，i・e・，S≧2，  

Y（x）representstheelapsedtimemeasuredfromtimex  
untiltheRrstcandidateappears．   
Let，s also define R as the absolut．e rank of the  

CandidatethatappearsチttimeT（x），WhenT（x）＜1・  
Itiseasytoseethat，glVenS（≧2），randomvariables  

RandY（x）areconditionallyindepFndent，andsothe  

jointdistributionofRandY（x）isglVenby  

P（月＝㍗，y（ご）∈（y，y＋軸）l∫）  

＝ P（月＝γl∫）／（yl∫）dy，  

00  

p（∬）＝ ∑（A8－A8－1）（トげ＋1  

J＝】   

2 ＝£logェ，  
（7）  

Where thelast equalit・y fbllows from the wellknown  

formula（see，e・g，，【2］）・Thefunctionp（x）ismaximized  

byご＝ピー2   

Wehavefrom（6）  

立言㌢＝－（1－エ）＋∑ご＝3（β＋1）（ん＿1－A5）（1－ご）β．  
Thus，響＝Oisequivalentto  

n  

∑（β＋1）（A5－1－Aβ）（1－げ‾1 ＝1・ （8）  

β＝3  

Sincetheleft handsideof（8）is decreasinginごand  
increaslngln n，ifwede汽ne   

7l＊＝”li7車≧3：∑ご＝3（5＋1）（Aβ－1－Aβ）＞1），  

where  

1  

∫－1’  
P（点＝rl∫）  r＝1，2，…，5－1（3）  

J（yl∫）  

＝（言三）（  

g－2  1－∬－y  

）  

，0≦y≦1－エ．（4）  
1－r  

In the above，（3）isimmediate and（4）is obtained  

丘om the argument of the order statistics because  

Y（x），COnditionalonS，Canbeinterpretedasthesmall－  

estvalueamongS－1independentandidenticallydis－  
tributedrandomvariableseachhavlnguniformdensity  
On【0，1－ごト   

Asimplecalculationleadsto  

Pn（x）hasauniquemaximumrn whichcanbede重ned  
asauniquerootxoftheequation（8）forn≧n＋and  

ヱ。／e‾2  
（9）  

Nowlet  

Cm（∬）＝ ∑木（りP（〃＝几）  （10）  

－1≧＝l  

Itfollowsfrom（9）that，ifthereexistsavaluex＋which  

maximizes Gm（x），then necessarily x＊ ∈［xm，e‾2］・  

fIowever，theconvergencein（7）and（9）isuniformand  

SOGm（x）iscontinuous，i・e・，X＋exists・Using（1）and  

thecontinuityofFcompletestheproof．  

y′（…）如＝写ヱ  β〔y（ェ）l∫】   

Analogously，Wehave  

β【β（ご）l凡y（ご）】＝1坤））                     月   

Therefore，  

β〔β（£）l5】＝ β【且〔β（£）l凡y（£）＝司  

∫－1      ＝（土デ）∑（‡），  
rご1  
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（5）  

Wherethethirdequatityfo1lowsftomtheindependence  
OfR and Y（Ⅹ），COnditionalon S・Letpn（x）denote  

theexpectedduration，COnditionalonN＝n，underthe  
エーβ上r（加gy．   

Then，Setting  

Ao＝0，一ん＝嘉∑ニ＝1吉，β＞1，  

WeCannOWCalculatepn（x）丘om（2）and（5）asfo1lows・  

pn（∬）＝ β【β（ェ）］＝β［β［β（∬）lぶ】］  

n  

＝ ∑（A8－Aさ－1）（1－げ＋1  

∫＝l  

（6）  
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