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1 Introduction ’ By Property 1, for each degree d »(v), if vy €
' ’ (V, E) and K pairs V(Ty), vy € V(T}), i < j, is satisfied, then

Given a connected graph G =
of vertices (z;,¥), i = 1,---, K, the edge-disjoint
path problem asks to construct K pairwise edge-
disjoint paths connecting each pair (z;,y;) from
source z; to sink y;, ¢ = 1,---, K, where paths
P, Py.--, P, | > 2, are edge-disjoint. A
tournament graph (tournament for short) is a
directed graph such that there is precisely one
edge between each pair of vertices. On tourna-
ments, J. Bang-Jensen showed a necessary and suf-
ficient condition for the existence of edge-disjoint
(z1,91)-, (z2,92)-paths and an O(n?) time algo-
rithm for examining the existence of such paths
where n is the number of vertices [1]. In this paper,
we propose an O(n?) time algorithm for examin-
ing the existence of edge-disjoint (zy, y1)-, (z2, ¥2)-
paths and for constructing them, if they exist, us-
ing the property of tournaments.

2 Definition
A digraph D consists of a pair V (D), A(D) where
V(D) is a finite set of vertices and A(D) is a set
of ordered pairs (u,v) of vertices, called edges. If
an edge (u,v) exists in A(D), we say that u dom-
inates v. The number of vertices y € U C V(D)
dommated by z is denoted by dfi(z). We call
V D) (z) the out-degree of z and sxmply is denoted
by d+(:c). Similarly, the number of vertices y € U
C V(D) dominating z is denoted by dj;(z) and
d‘—/(D)( z) ( d~(z) for short ) is called the in-degree

* of z. A component D' of a digraph is a maximal’

subgraph such that for any two vertices z, y of
D', D' contains an (z,y)-path and (y,z)-path. A
digraph D is strong if it has only one component.

3" Algorithm

We first describe a property of tournament.

" [Property 1 ] When tournament T is not
strong, it is divided into some components and we
can label these components Ty, Ty, - -, T} such that
each verter of T; dominates all vertices of T: if
1< j.-0 :

We say that Ty ( respectively, Tl ) is the

initial component ( respectively, the terminal '

component ) of T. o

d*(vir) < d*(v;) holds. Moreover, the following
lemma is deduced. »

[Lemma 1 ] If d¥(vy) = d¥(v;) is satisfied,
then vjr, vj: belong to the same component.

J. Bang-Jensen gave the necessary and suffi-
cient condition of the existence of two edge-disjoint
(z1,¥1)-, (Z2,y2)-paths in tournament T

[Definition 1 ][1] Let T be a strong tournament
and let zy, y1, 22, Y2 be four different vertices in
T. The 5-tuple (T, z1,22,y1,y2) is said to be of
Type 1a. There ezists a proper subset Sy C V(T
such that yy,y2 € S1, 71,22 € S, =T- S, and
there is exactly one edge from S; to S; in'T.
Type 1b. It is not of Type la and there ez-

-ists a partition Sy, Sa, S3 of V(T) into disjoint

non empty subsets with the following conditions.
Yi € S1, Ti,y3—i € S, T3_; € S3, for i =1 or
2: Vertices in S; dominate all the vertices in Sy
which again dominate all the vertices in S3: There
ezists exactly one ‘edge from S3 to S; and it goes
from the terminal component in T[S3] to the initial
component in T[S,].

Type 2r. For some r > 1, there erists a
partition Sy, Sz, -+, Sary2 of V(T) into disjoint
non empty subsets with the following conditions.
Yi € Sl; y3-—t € 52’ Z3-; € S2r+1: Z; € S2r+2 f01‘
i=1 or 2: All the edges between S; and S; where
1 < j go from S; to S; with the followmg excep-

“tions: There erists precisely one edge from S; to

Sj—2, 7 =3,-+-,2r + 2, and it goes from the ter-
minal component in T[S;] to the initial component
in T[S;-,). B '

Type 2r+1.  For some r > 1, there ezists a

partition Sy, Sy, -+, Sor4a of V(T) into disjoint
non empty subsets with the following conditions.
Yi € S1, y3—i € Sa2, T; € Sarq2, T3 € Szr43 for
t= 1 or 2:. All the edges between S; and S; where
i < j go from S; to S; with the following ezcep-
tions: There ezists precisely one edge from S; to
Sj—2, 7 = 3,-:+,2r + 3, and it goes from the ter-
minal component in T[S;] to the initial component

in _T[Sj..z] . O



[Lemma 2 ][/1] Let T be a tournament and let
T3, Y1, T2, Y2 be different vertices such that T con-
tains an'(zi,y;)-path i = 1, 2. Then T has edge-
disjoint (z1,y1)-, (z2,y2)-paths unless z,, y1, 2,
y2 all belong to the same component T; of T and
(T,z1,22,y1,Y2) is of one of the types la, 1b, 2r
or 2r+1 for some r > 1, in Definition 1, in which
case T does not have these paths. O

Based on the property and these lemmas, we
get the following procedure for examining whether
edge-disjoint (z1,y1)-, (z2, ¥2)-paths exist or not.

Procedure Check_Existence

begin

(Step 1) Check whether T has an (z;,y;)-path
for ¢ = 1 and 2, not necessary edge-disjoint. If
not then T does not have edge-disjoint (zy, y;)-,

(z2,y2)-paths and the procedure stops.
(Step 2)
dax(v) & max{d*(w) | (v,w) € E(T)}.
Vtmax(i] + w.
(Step 3) Set the degree d;,, . (v;) of v; into array
Dt[i],: = 1,---,n, and sort D*[{] in the order
of ascending degree. Calculate the value of 77¢],
S[t] and Dif[s].
T[0] « O.
for t=1,---,n
begin

Tl] « Tl — 1]+ D*[d].

S[i} « ()

Dif[i] « T[] — S[i].

((%élgep 4) Check whether z, yi, z2 and y; all
belong to the same component T; of T. If not
then T has edge-disjoint (z1, ¥1)-, (Ig, y2)-paths
and the procedure stops.

(Step 5) Let T = T; (namely, throw away the
rest of T'). ‘

(Step 6) Assume that d*(z;) < d*(z3-;).

(In the following steps, we examine whether T
is divided into some component or not by ex-
changing the direction of an edge (v, w). )

In the order of ascending degree, check Condi-
tion 1 below and get a vertex v satisfying the
condition first. If there is no vertex satisfy-
ing Condition 1, edge-disjoint (zl,yl) (z2,¥2)-
paths exist and stops:

Condition 1 : at least one of Dif[l],
’Dif[Imax(d;ax(v)) — 1] has 1 and its index is
not less than Iin(dt(z:))-

[Lemma 3 ] On
Check_Existence can ezamine whether edge-
disjoint (z1,y1)-,

On Dif[lnax(v)],-
find index ¢ such that Dif[s] = 1.
here that an (v,w) is selected ‘and sz[]
Diflj] = --- = Dif[k] =
k hold.
edge (v, w),
subgraph D[{vy,vq,--,
D[{vi+1a"'!vj}] is Tz, -+, D[{U/H-l»"'
(Step 7) Find a component including z;. We
here assume that z; € V(T}).
(Case 1) When z3_; also exists in T}.
(LI) If either y; or y3—; belongs to Ty, - -+, T,
edge-disjoint (z1,y1)-, (z2,y2)-paths exist in T
and the procedure stops.
(LII) If both y; and y3—; exist in Typy, «++, T,
edge-disjoint (z1,¥;)-, (T2, y2)-paths do not ex-
ist in T and the procedure stops.
(Case II) When z3_; exists in T}, k < j.
(ILI) If ys—; exists in V(T;), edge-disjoint
(z1,1)-, (z2,y2)-paths exist in T and the pro-
cedure stops.
(ILII) If ys—; exists in V(T)), j' < j, edge-
disjoint (z1,y1)-, (z2,y2)-paths exist in T and
the procedure stops.
(ILIO) If ya—; exists in V(T7), j' > j, edge-
disjoint (z1,%1)-, (z2,y2)-paths do not exist in
T and the procedure stops.

(Case III) When z3_;, y; and y3—; all belong to T;.

Let T=T; and z; = w, namely, remove vertices
and edges which do not belong to T; from T.
Actually, it is sufficient for the procedure to
changes the value of arrays D+, Dif, d},,, V*.
Go to Step 6.

end. O

tournament, Procedure

(22, y2)-paths ezist or not. O

[Theorem 1 ] Procedure Check Existence can
eramine the ezistence of edge-disjoint (z1,y1)-,
(22, y2)-paths in O(n

) time. O

We obtain the following result though we do

not write details because of the lack of space.

[Theorem 2 )
edge-disjoint (zy,y1)-,
time. O
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