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On the Optimal Control of Discrete Event Systems
Based on Supervisory Control
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1 Introduction

Discrete event systems (DESs) are those sys-

tems that are driven for often occurring finite events.

Supervisory control of DESs was presented by Ra-
madge and Wonham [1] with two bran-ches, the
event feedback control and state feedback control.

Passino and Antsaklis [2] studied an optimal
control problem to minimize the total cost among
strings from the initial state to some given target
state subset. Tsitsiklis [3] presented a dynamic pro-
gramming model to solve the supervisory control
synthesizing problem. Kumar and Garg [4] studied
an optimal static control problem with two cost
functions ¢(q, o) and p(q) that occur only once.

But all the above researches have not concerned
on general frameworks for optimal control of DESs.
This paper will present and study a new framework
and an analysis for the optimal control problem of
DESs.

2 Notations and Preliminaries

A discrete event system based on automatons
is G = {Q, T, 4,9}, where Q is a countable state
space, L is a finite event set, 4 is a partial function
from ¥ x Q to Q, while gg € Q is the initial state.
We denote by £* (or £¢) the set of all finite (or
infinite) strings on ¥ including the empty string e.
0 is generalized to 4(s,q) for s € £*, and 4(s, q)!
denotes that 4(s, ¢) is well defined.

Let £(q) = {0|é(c,q)!} and E(s) ={o]| (so,
go)!} be sets of events that may occur at state ¢
or after string s, respectively. The language and
the infinite language generated by G is defined by
L(G) = {s € T*|6(s,q)!} and L¥(G) = {s €
¥ | t € L(G),Vt < s}, respectively.

The event set X is divided into a uncontrollable
event set ¥,, and a controllable event set .. The
set of control inputs is' :={y: £, CyC L}. A
policy (or supervisor) is amap w : L(G) - T". A
stationary policy (or state feedback) is f: Q@ — I
The two branches in the supervisory control, the
event feedback control and the state feedback con-
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trol, are based on 7 € I'L(®) and f € I'9, respec-
tively.

We denote by L(w/G) and L¥(w/G), respec-
tively, the language and the infinite language gen-
erated by the system supervised under #, and by
L(w/G, s) the language similarly as L(w/G) but
with an initial state d(s, go). And Let L¥(w/G, s)
be the similar set of infinite strings.

3 Optimal Control Model

Supervisory control of DESs belongs to the logic
level for control of DESs [1], since its essential task
is to constrain the system’s behavior, described by
a set of strings of occurring events or a state subset
in a given region.

The control task for the supervisory control is
hard where some behaviors are allowed and other
behaviors are strictly prohibited.

The new framework for the optimal control prob-
lem of DESs presented in this paper belongs to
the performance level among all possible strings
that the system generates. Its performance mea-
sure is to minimize the maximal discounted total
cost. Then this framework can describe soft con-
trol problems where it is better if some behaviors
are realized. We will show the optimality equation
and obtain its optimal solution.

Suppose that there is a cost function ¢(s, o) for
occurring an event ¢ after a string s. Let 8 > 0 be
a discount factor. Let

vs(t) = Y Bc(stk, or)
k=0

be the discounted total cost occurring ¢t = g - - - oy,
after s has been occurred, where t = 0g---0k-1
for k > 1 (to = €¢). When the string ¢ is infinite,
n = 0o. We call vs(t) the cost of t after s.

We introduce a fictitious event o; € ¥ and a
fictitious state gy € @ such that o; leads the system
from any state to ¢y without any cost.

For convenience, we also write this new DES by
G. Then any finite string s € L(G) is correspond-
ing to an infinite string so$° in the new DES, and



vs(t) = vs(to ) for strings s and t. Therefore, we
define the objective function by

I(m,s) vs(t), s € L(G)

max
teLw(T/G,s)
to be the maximal discounted total cost under pol-
icy 7, which should be minimized as follows:

I*(s)= min_I(m,s)

TEerL(G)
for s € L(G). We say a supervisor w* to be optimal
if I{m*,s) = I*(s) for all s € L(G).
Condition (N): ¢(s, ) is nonpositive.
Condition (P): c(s, ) is nonnegative.
Condition (D): c(s, ) is uniformly bounded by a
positive constant M, and 8 € (0, 1).

Under (N), (P) or (D), vs(t) and therefore I(, s)
are well defined and are nonpositive, nonnegative,
or are uniformly bounded by (1 — 8)~' M, respec-
tively.

For v € T and 7 € THO), let £,(s) = Z(s) Ny.
Under condition (D) or (P), I*(s) is a solution of
the following optimality equation (OE):

I(s) = min max {c(s o)+ BI(so)},

s € L(G).
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If a supervisor 7* attains the minimum of OE, then
w* is optimal. Moreover, I* is the unique (or the
smallest nonnegative) solution of OE under (D) (or
(P)). While under (N), I*(s) is the largest nonpos-
itive solution of OE and a supervisor 7* is optimal
if I(m*) is a solution of OE.

We then consider the stationary cost function
¢(g, o) defined in QXX such that c(s, o) = ¢(8(s, o),
o). Let vy(t) = 3324 BFc(g}, ox) be the discounted
total cost during string t = ogo;- - - at the state g,
where q; ., = (g, ox) with gy = g and k& > 0.

We define I(f,q) = max{v,(t)|t € L*(f/G,q)}
to be the maximal discounted total cost of the sys-
tem supervised by f in the state g, and define
I*(¢) = mingerI(f,q),q € Q to be the optimal
value function. We say f* to be optlmal ifI(f* q) =
I*(q) for all g € Q.

Therefore, I*(d(s,q9)) = I*(s). Under condi-
tion (D) or (N), the reverse case is also true, and
so I*(s) = I*((s, qo)) for s € L(G). Moreover, the
OE has the following simpler form:

(@) = mip mex {c(a,0) +BI((c,a))}, a € Q
q)
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4 Link to Logic Level

By applying the above model and results to the
supervisory control, we could result that the state
feedback control is a stationary case of the event
feedback control.

For any given language L C L(G), suppose that
the cost function c(s, o) is nonnegative and satis-
fies the condition that c(s, o) is bounded in s € L
and 0 € ¥ while ¢(s,0) = oo for s € L,o € %.
Then, L* = {s | I*(s) < oo} is the maximal control
invariant sub-language of L and MC(L*) := {s €
L* |t € L*forallt < s} is the maximal closed
controllable sub-language of L.

For the state feedback control, for any given
predicate P C @, suppose that c¢(g, o) is bounded
ingq € P and 0 € ¥ while ¢(q,0) = oo for ¢ ¢
P, 0 € . Then, P* = {q | I*(q) < oo} is the
maximal control-invariant sub-predicate of P.

L* and P* are not only the solutions in the su-
pervisory control, but also the solutions with finite
optimal values for an optimal control problem. So
the meaning of control invariant languages is more
strong than just “control invariance” in the super-
visory control [1].

Hence, we show a link existing between the logic
level and the performance level for the control of

DESs.

5 Conclusion

In this paper, we presented a new framework
and an analysis for optimal control of discrete event
systems based on the supervisory control. We de-
rived the optimality equation and obtained its op-
timal solution.
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